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t-H ' Abstract. A description of the quantum superalgebra U q [sl(n+l\m)] and in particular of the special 

linear superalgebra sl(n + l\m) via creation and annihilation generators (CAGs) is given. It provides 
ry^ an alternative to the canonical description of U q [sl(n + l\m)] in terms of Chevalley generators. A 

^vq ■ conjecture that the Fock representations of the CAGs provide microscopic realizations of exclusion 

statistics is formulated. 

(-h , 1. Introduction 

cd ■ 

The description of the quantized simple (universal enveloping) Lie algebras [1, 2] and the basic Lie super- 
algebras [3-7] is usually carried out in terms of their Chevalley generators (ej,/j,/ij, i = l,...,n, for an 
algebra of rank n). Recently it has been pointed out that the quantum (super)algebras U q [osp(l\2n)] [8-10], 
' U q [so(2n + 1)] [11], more generally U q [osp(2r + l|2m)], r + m = n [12], and also U q [sl(n + 1)] [13] can 

be defined via alternative sets of generators af, Hi, i = 1, . . . , n, referred to as (deformed) creation and 
7-H ' annihilation generators (CAGs) or creation and annihilation operators. 

The concept of creation and annihilation generators of a simple Lie (super)algebra was introduced in 
ON ' [14] . Let A be such an algebra with a supercommutator [ , ] . The root vectors af , . . . , a£ of A are said to 

' be creation (£ = +) and annihilation (£ = — ) generators of A, if 

Cd ■ 

A=lin.env.{a\, la r j,a%j\i,j,k = l,...,n;^,r],e = ±}, (1) 

m > ■ 

so that af , . . . , a+ (resp. ar, . . . , a~) are negative (resp. positive) root vectors of A. 

The justification for such terminology stems from the observation that the creation and the annihilation 
generators of the orthosymplectic Lie superalgebra (LS) osp(2r + l|2m) have a direct physical significance: 
af, . . . , (resp. a„ +1 , • • ■ , a^) are para-Bose (resp. para-Fermi) operators [15], namely operators which 
generalize the statistics of the tensor (resp. spinor) fields in quantum field theory [16]. The LS osp(2r + l\2m) 
is an algebra from the class B in the classification of Kac [17] . Therefore the paraquantizations (and hence the 
canonical Bose and Fermi quantization) could be called ^-quantizations (or, more precisely, representations 
of a .B-quantization) . 

A conjecture, stated in [18], assumes that to each class A, B, C and D of basic LSs [17] there corresponds 
a quantum statistics, so that its CAGs can be interpreted as creation and annihilation operators of real 
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particles in the corresponding Fock space(s). This conjecture holds for the classes A, B, C and D of simple 
Lie algebras [19]. It was studied in more details for the Lie algebras sl(n + 1) (A— statistics) [20] and for the 
LSs sl(l\m) (A— supcrstatistics) [14, 21]. As an illustration we mention that the Wigner quantum systems 
(WQSs), introduced in [22], are based on the A— supcrstatistics. These systems, which attracted some 
attention from different points of view [23-25], possess quite unconventional physical properties. For example, 
the (n + 1)— particle WQS, based on the LS sl(l\3n) [26], exhibits a quark like structure: the composite 
system occupies a small volume around the centre of mass and within it the geometry is noncommutative. 
The underlying statistics is a Haldane exclusion statistics [27], a subject of considerable interest in condensed 
matter physics. 

We are not going to discuss further the properties of the superstatistics (for more details along this 
line see [28, 26] and the references therein). We mentioned this point here only in order to indicate that 
the alternative description of sl(n + 1|to) and U q [sl(n + l\m)] will be carried out in terms of (deformed) 
creation and annihilation generators, which, contrary to the Chevalley generators, could be of direct physical 
relevance too. 

Throughout the paper we use the notation: 

LS, LS's - Lie superalgebra, Lie superalgebras; 

CAGs - creation and annihilation generators; 

lin.env. - linear envelope; 

Z - all integers; 

Z + - all non-negative integers; 

Z 2 = {0, 1} - the ring of all integers modulo 2; 

C - all complex numbers; 



\p;q] = {p,p+l,p + 2,...,q-l, q}, for p < q E Z; (2) 

a _ JO, if i = 0,1,2,..., n, . ft _„ „ 

y 1, it i = n + 1, n + 2, . . . , n + m, 

[a,b]=ab-ba, {a,b} = ab + ba, [a, bj = ab - (_l)«M°)<M«0&a; (4) 

[a, b] x =ab- xba, {a, b} x = ab + xba, [a, bj x = ab - [-l)deg(a)deg(b) xba ^ 



2. The Lie superalgebra sl(n+l|m) 

Here we give an alternative definition of the special linear Lie superalgebra sl(n + l\m) in terms of creation 
and annihilation generators af , af , . . . , a^ +m ■ We outline the relations between the CAGs and the Chevalley 
generators. 

To begin with we recall that the universal enveloping algebra U[gl(n + l|m)] of the general linear 
LS gl(n + l|m) is a Z 2 — graded associative unital superalgebra generated by (n + m + l) 2 Z 2 — graded 
indeterminates {eij\i,j £ [0; n + to]}, deg(eij) — 6ij, subject to the relations 

[eij,eia] = S jk e u - (-i) e « 9 *' 6 u e kj i,j,k,l€ [0;n + m]. (6) 

The LS gl(n + 1|to) is a subalgebra of U[gl(n + l|m)], considered as a Lie superalgebra, with generators 
{eij\i,j G [0; n + to]} and supercommutation relations (6). The LS sZ(n+l|m) is a subalgebra of gl(n+ 1| to): 

sl(n+ 1|to) = lin.env. {ey, {-l) 9k e kk - (-l) e 'e u \i ^ j; i,j,k,l G [0;n + m]}. (7) 
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The generators eoo, en, ... , e n+mi „ +TO constitute a basis in the Cartan subalgcbra of 

gl(n + l|m). Denote by e ,£i, ■ ■ ■ ,£ n +m the dual basis, £i{ejj) = Sij. The root vectors of both gl(n + l|m) 
and sl(n + l|m) are e^, i ^ j, i, j G [0; n + m]. The root corresponding to is £j — ej. With respect to the 
natural order of the basis in the Cartan subalgebra is a positive (resp. a negative) root vector if i < j 
(resp. i > j). 

The above description of sl(n + l|m) is simple, but it is not appropriate for quantum deformations. A 
more "economic" definition is given in terms of the Chevalley generators 

hi = ei_i,j_i - (-l) 9<_M eii, e i = e i _i ) i, = e i;i _i, ie[l;n + m] (8) 

and the (n + m) x (n + m) Cartan matrix {a^ } with entries 

otij =(l + (-l) fl< - M )*«-(-l) 0i - M *W-i-«i-iJ. »,ie[l;n + m]. (9) 

We are working with a nonsymmetric Cartan matrix [17]. For instance the Cartan matrix (9), corresponding 
to n + 1 = 3, m = 5is7x7 dimensional matrix: 
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U[sl{n+l\m)\ is an associative unital algebra of the Chevalley generators, subject to the Cartan-Kac relations 



[hi, hj] = 0, [hi, ij] = aijCj, [hi, fj] = -aijfj, [e,, fjj = 5 lj h l , 
and the Serre relations 

[eu ej] = 0, [f h fj] = 0, if \i - j\ ^ 1; 

[ej, [ei,e i+ i]] = 0, [f h [f if f i+1 ]] = 0, i ^ n + m; 
[e i+ i, [e i+ i,ei]] = 0, [f i+1 , [f i+1 , fi\] = 0, i ^ n + m; 
{[e„+i, e n ], [e„+i, e„ +2 ]} = 0, /n], [/n+i, /n+2]} = 0. 

The so-called additional Serre relations (12e) [29, 30, 31] can be written also in the form 
{e n +i, [[e„, e„+i], e„ +2 ]} = 0, {/ n +i, [[/«, /n+i], fn+2]} = 0. 



(11) 



(12a) 
(126) 
(12c) 
(12d) 
(12e) 



(12/) 



The grading on J7[sZ(n + l|m)] is induced from the requirement that the only odd generators are e n+ \ 
and /„ + i, namely 

deg(hi) = 6, rfeg(e 4 ) = deg(fi) = (13) 



The LS sl(n + l|m) is a subalgebra of U[sl(n + l|m)], generated by the Chevalley generators in a sense of a 
Lie superalgebra. It is a linear span of the Chevalley generators (8) and all root vectors 



(14) 



eij = [[[. . . [[e l+1 ,e t+2 ],e l+3 ], . . .],e j - 1 ],e j ], 

e H = [fj, [fj-u [■■■, [fi+2, fi+i] ■ ■ ■,]]], i + K j; i,j G [0;n + m]. 
Consider the following root vectors from sZ(n + l|m): 

a+ = e i0 , = e i, ie[l;n + m], (15) 

or, equivalently from (14) 

a 1 "=ei, = [[[... [[ei,e 2 ], e 3 ], .. .},e i - 1 ],e i ] = [aTi^e*], ie[2;n + m], (16a) 
<^ = /i, a i + = [/ i ,[/ i _ 1 ,[...,[/ 3 ,[/2,/i]]...]]] = [/ i ,at 1 ]. <6[2;n + m], (166) 

The root of a~ (rcsp. of a+) is £o — £i (resp. £j — £o)- Therefore (with respect to the natural order of 
the basis So, £i, ■ ■ ■ , £ n +m) ct^~ , . . . , a~ +m are positive root vectors, whereas , . . . , a^ +m are negative root 
vectors. Moreover, Eq. (1) with A = sl(n + l\m) holds. Hence, the generators (15) are creation and 
annihilation generators of sl(n + l\m). These generators satisfy the following triple relations: 

[a«,a|]=0, £ = ±, i,j = l,2,...,n + m, (17a) 
[[a+,aT],d+] = ^ fe a+ + (-l) e *%a+, i,j, k = 1, 2, . . . , n + m, (17b) 
[[a+ o7],Ofc] = -(-l) 9 « J *5 ifc aT-(-l)%afc, i,j,ke[l;n + m]. (17c) 

The CAGs (15) together with (17) define completely sl(n+ l|m). The relations (17) are however (similar as 
Eqs. (6)) not convenient for quantization. It turns out, and this is a new result, that one can take only a 
part of the relations (17), so that they still define completely sl(n + l|m) and, as we shall see, are appropriate 
for Hopf algebra deformations. 

Proposition 1. U[sl(n + l|m)] is an associative unital superalgebra with generators af, i <E [l;n + m] and 
relations: 

[af,a|]=0, [af,af]=0, £ = ±, (18a) 
llat,&;latl=5 jk a+ + (-l) 9 *S ij a+, \i-j\<l, i,j, k G [1; n + m], (186) 
I«oSl,%]=-(-l) Mt W 3 : -(-l)^ii%. ;|i-j|<l, i,j,*e[l;n + m] (18c) 

The Z 2 — grading in U[sl(n + l\m)] is induced from 

deg(af) = ft. (19) 

The proof follows from the expressions of the Chevalley generators (8) via the CAGs: 

/H = [ar,a+], h i = (-l) e ^(lar,af}-{ar_ 1 ,af_ 1 l), i6[2;n + m], (20a) 
ei=a7, A=a+, e t = [af^, a^j, = [af, aTiJ. ie[2;n + m]. (206) 



4 



We skip the proof of Eqs. (20), since we will give a detailed proof in the quantum case (see the Theorem). 
Only from (18) one derives also the larger set of relation (17). 

3. Description of U q [sl(n+l|m)] via deformed CAGs 

In this section we define the quantum superalgebra U q [sl(n + l|m)] in terms of deformed creation and 
annihilation generators af,Hi, i= 1,2, ... ,n + m. The CAGs are elements from the so-called Cartan-Weyl 
basis of U q [sl(n + l|m)]. A general procedure to construct such a basis was given in [7] (see also [29]). 
We follow this procedure and identify the deformed of, ... , a^ +m generators with those elements of the 
Cartan-Weyl basis, which reduce to the nondeformed CAGs (16) in the limit q — > 1. 

First we introduce U q [sl(n + l|m)] by means of its classical definition in terms of the Cartan matrix (9) 
and the Chevalley generators. Let C[[/i]] be the complex algebra of formal power series in the indeterminate 
h, q = e h <E C[[/i]]. U q [sl(n+l\m)] is a Hopf algebra, which is a topologically free C[[h}] module (complete in 
the h— adic topology), with (Chevalley) generators {hi, e,, /i}»e[i ;n + m ] subject to the Cartan-Kac relations 



[hi,hj] 


= 0, 


(21a) 


[hi,ej] 


= otijej, [hi, fj] = —otijfj, 


(216) 


[ei,fj] 


— Sij _ i ki — q , k,i — k~i — q , 

q-q 


(21c) 



the e-Serre relations (see (5)) 

[ei,ej] =0, if \i-j\ ^ 1; e 2 n+1 = 0; 
[ei, [ei, e i ± 1 ]g] q = [e iy [e i; e i ± 1 ] q ]q = 0, i^n + 1, 

{ e n+l, [[ e m e n+l]qi e n+2\q] = { e n+l, [[e n , e n+l]q, e n+2 ] q } = 0, 

and the /— Serre relations, obtained from the e-Serre relations by replacing everywhere ei with 
[fi,fj]=0, if\i-j\^l; /^ +1 =0; 

[fi, [fi, fi±l]q]q = [fi, [fi, fi±l]q]q = 0, Z ^ 71 + 1, 
{fn+1, [[fn, fn+l]q, fn+2\q} = {fn+l, [[.fn, fn+l]q, fn+2\q\ = 

From (216) one derives the following useful relations: 

ki&j = q * j ejki, kifj — q zj fjki, kiCj = q zj ejki, kifj — q zj fjki. (23) 

We do not write the other Hopf algebra maps (A, e, S) (see [7, 29]), since we will not use them. They 
are certainly also a part of the definition. 

Remark. We consider h as an indeterminate. All relations remain also true, if one replaces h with a number, 
so that q is not a root of 1. The latter corresponds to a transition from U q [sl(n + l|m) to the factor algebra 
U q [sl(n + l\m)]/h = number. 
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(22a) 
(226) 
(22c) 



(22d) 
(22e) 
(22/) 



Following [7, 29], introduce a normal order in the system of the positive roots A + = {si — < j G 
[0; n + m]} as follows: 

Si — Sj < Sk — Si if j < I or if j = I and i < k. 
Taking into account Eqs. (16), we define the deformed CAGs to be Cartan-Weyl basis vectors, which are in 
agreement with the above normal order: 

a i =ei, aT = [[[... [[ei,e2] 5l ,e 3 ]g 2 ,...]? i _3.ei-i], i _ 2 ,e i ]g i _ 1 = [aT^e/j^, (24a) 

a t = ft, a t = [ft, [fi-l, [■■■, [ft, [ft, ft]qi]q 2 ■ ■ -k-sk^k-l = [ft, at-lhi-i, ( 24& ) 

Hi=/H, H l = h 1 + (-l)^h 2 + (-l)^h 3 + ... + (-l) e ^h l , (24c) 



where 

qi = q 1 -^ = { q J % l - n ' (25) 
H H \ q, if i > n. y ' 

Note that Eqs. (21)-(23) are invariant with respect to the antilinear antiinvolution ( )*, defined as 

{h)* = -h, {hi)* = hi, (ei)*=/i, {ft)*=e i , (aft)* = (6)*(a)*. (26) 

Therefore 

= (of)*=aj F , {H i )*=H i . (27) 

The next proposition will be used in several intermediate computations. 
Proposition 2. The relations {i ^ 1) 

[ei,a7] li-u-sv = -qi-iSi-^jdi, (28a) 
=Si-ijaf, (286) 

[e i ,a+] = *«a,tiAr ( " 1),< " 1 . ( 2 »c) 
I/i,aj] - -(-l) 84 - 1 -'^^" 1 ^ 4 "^^!. (28d) 

follow from (21)-(23) and the definition of the CAGs (24). 
Proof. 

A) Consider first (28a). 

(i) The case j < i — 1. Eq. (28a) is an immediate consequence of (22a). 

(ii) The case j = i — 1 reduces to the definition (24a). 

(iii) The case j = i. 

(iii.l) i = 2. 

(iii.la) If n = 0, [e 2 ,a 2 ]g 2 = [e 2 , [ei,e 2 ],]g = -q[e 2 , [e2,ei]q] q = 0, according to (226). 
(iii.lb) If n = 1, [e 2 ,a7] 9 - 2 = {e 2 ,a7} 9 - 2 = {e 2 , [ei,e 2 ]^}, 

=e 2 eie 2 + geie 2 — qe\e\ — qqe 2 eie 2 = since, see (22a), e 2 = 0. 
(iii.lc) If n > 1, [e 2 ,a7] 9 - 2 = [e 2 , [ei,e 2 ]g 1 ]g 2 = -<?[e 2 , [e 2 ,ei] 9 ] ? = (see (226). 
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(iii.2) i > 2. Using the identity 

If [o,6] = 0, then [[a, c] g , % = [a, [c, M eC[|, (29) 

and the circumstance that [e*, ci^l 2 ] = 0, one obtains from (24a) 

a i = I[ a i-2' e «-l]9i-2 J e i\qi-l = [ a i-2 ' [ e «- 1 ' e i] 9i- 1 ] ?i-2 ■ 

(iii.2a) If i = n + 1, 

[ e n+li a n+ll9n + i = { e n+li K-l' I e «' e n+l] 5n ] qVi-i }q n +l = { e n+lj [ a ri-l' [ e ni e n+l]q]q}q- 

Set a = e n +i, b = a~_ 1: c = [e n , e n +i]q, take into account that [a, 6] = and apply the identity 

If [a, 6] = 0, [a, [MA = (-1) Q >, Io,c]p]„ a = deg(a), (5 = deg(b). (30) 

Then [e„+i, a~ +1 ], n+1 = [a"^, z]g=0, since z = {e„+i, [e„,e n+ i]g} 9 = (follows from ej; +1 = 0). 

(hi. 2b) If i n + 1, then y = [e,, [e^ ei-iJ^J^^O, since in both cases i<norz>n+lit reduces to (226). 

Therefore, [e^aT - ]^ = [e^aT"],, = [e h [ a r_ 2 , [ei_i, e^.J^.J^ 

(if a = ej, & = a71 2 , c = [ej_i, then [a, 6] = and from (30)) 

= K 7 -2> [ e i, [ e »-i> e »]gi-ik]9«-2 = -qi-i[ a i-2>yhi-2 = 0- Hence (28a) holds for any i = j > 1. 
(iv) The case j = i + 

(iv.l) If « = 2, n + 1 ^ 2, [e 2 ,a 3 ] = [e 2 , [ [ei, e 2 \q 1 , e 3 ]q 2 } = [e 2 , [ [ei, e 2 ]^ , e 3 ] ?1 ]. For 6 = e 2 , a = ei, c = e 3 
use the identity: 

If b is even and [a, c] = 0, then 

(x + x)[b,la,[b,c] x } x ] = [a, [&,[&, c] x y x 2 - [[&, [6, a ] x ] x , c] x 2, x^x" 1 . (31) 

Then [e 2 ,a 3 ] = ( qi + <7i)~ 1 (je 1 , [e 2 , [e 2 , e 3 ]q 1 ] qi j q -2 - [[e 2 , [e 2 , ei]^] gi , e 3 ] ? -2^ = according to (22b). 
(iv.2) If i = 2, n + 1 = 2, [e 2 , a 3 ] = {e 2 , [[ei, e 2 ]g, e 3 ] 9 } = according to (22c). 

(iv.3) For i > 2, set (see (24a)) a~ +1 = [[[a~_ 2 ,ei-i]q i _ 2 ,ei)q i _ 1 ,e i+1 \q i . Use that [aT~_ 2 ,e;] = K 7 l 2 ) e »+i] = 
and apply twice (29): a"^ = [a7_ 2 , [[e 4 _i, e i ]g i _ 1 , e i+ i]gjg 4 _ 2 . 

(iv.3a) If i = n + 1, [e 4 ,a m ] = {e„+i,a~ +2 } = {e„+i, [a~_ 1; [[e„, e„+i] ?7l , e Il+2 ]^ +1 ] ?7i _ 1 } 
(use that [e„+i, = and (30)) 

= [o~_!, {e„+i, [[e n ,e„+i]g n ,e n+2 ]^ n+1 = according to (22c) and (25). 

(iv.3b) If i + 1 [e^aT+J = [e. t ,a m ] = [e 4 , [a71 2 , [[ej_i, e*]^ , e l+ i]^]^_ 2 ] 
([ei,a t ~_ 2 ] = 0, use (30)) 

= [ a i-2i l e i> [[ e i-l: e i]q~i-n e i+l]q~i]]q~i-2 = [ a i-2 i i e i ) [[ e «- 1 1 e i] 9i i e i+l] 9. ]]<7i-2 ■ 

If a = e,, 6 = ej_i, c = e i+ i, then [6, c] = 0; apply a similar to (31) identity: 
If a is even and [6, c] = 0, then 

(x + x)[a, l[b, a] x , cj x ] = {b, [a, [a, c] x ] x j x 2 - [[a, [a, b] x ] x , c] x 2. (32) 

The latter yields [e^a^J 

= (ft + ft) _1 K r - 2! ([e»-i, [ei, [ei,e i+ i]q i ]q i ] g -2 - [[e l; [e i ,e i _i]g i ], i ,ei + i] 9 -2^]g i _ 2 = according to (22b). 
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(v) The case j > i + 1. Then a i = [[[... [[a i+1 , e i+2 ]q t+1 , e l+3 ]g t+2 ,.. .} qj _ 3 , e j _i]g i _ 2 , e 3 \q 3 _ x and since e, 
commutes with e i+2 , e i+3 , . . . , ej , see (22a), and ej supercommutes with see (iv), one concludes that 
[ej,aj] = 0. The unification of (i)-(v) yields (28a). 

B) Applying the antiinvolution (26) on both sides of (28a) one obtains (286). 

C) We pass to prove (28c). 

(i) For i > j, (28c) is an immediate consequence of (246) and (21c). 

(ii) Let i = j. [euafj = {e u [f u a^J^.J 
(from(i) [ei,oti] = 0, apply (29)) 

= ll e i,fil, a t-ilqi-i = [^5§S af-ilqi-! = at-iK * ■ In the last step we used the relations k i a+_ 1 = 
qaf_ 1 ki and haf_ 1 = qaf_Jti, which follow from (246) and (23). 

(iii) Let j = i + 1. [e u a+ J = [e i; [f i+1 , [f u a-Lj^.JgJ 
(take into account that [ej, /j+i] = and apply (30)) 

= I/i+i, [ei, [/i.atik-JL ( now [ e i' a i"-i] = °. usc ( 29 )) 

= [/i+iJ[ei,/i],atik-J« = [/i+i,[**EfS«tiL-il« = [/i+i.ati*- ( - 1),i_1 ]« 
Using the identity 

[a, be] 3 = [a, 6]c + b[a, c) x (33) 
one has [e^a^J = [f i+1 ,af_ 1 ]k^ ( -~ 1 ' ) * 1 +a^L 1 [/ i+ i,A; i " ( ~ 1) ' = 0, according to (286), (23) and (25). 

(iv) For j > i + 1 fl+ = [fj, [fj-!, [. . . , [/j +3 , [/j +2 , a^_i]g i+1 ]q i+2 ■ • -^-sk-sk-i 

and since e, supercommutes with a i f fl , see (iii), and commutes with fj, fj-i, . ..,/j + 2, see (21c), one 
concludes that [ej,aj~] = 0. The unification of (i)-(iv) yields (28c). 

D) Applying the antiinvolution (26) on both sides of (28c) one obtains (28d). 
This completes the proof. 

Proposition 3. The deformed CAG's (23) generate U q [sl(n+ l|m)]. 
Proof. Let 

U = q H \ L i = LT 1 =q- H *. (34) 
The proof is a consequence of the relations 

= ( 35 «) 

K,a+ 1 ] = -(-l)^i i / i+1 (356) 
K +1 ,a+] = -(-lf ei+iLi (35c) 

We prove these equations by induction on i. For j = 1, (35a) holds. Let (35a) be true. Then from (28d), 
(30) and (35a) one has 
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= [/*+!' ^1^2 ^ ^3 ^ 1 • • ^i ' —k\k 2 ^ ' fc 3 ' ' ■■■k i ^ ] 54 . 

Using (25) and repeatedly (23), one end with 

[a^,a i f fl ] = — (— l) 6 ^!^ 1 &3 2 • ■ • * 1 fi+i, namely with (356). Similarly, one proves (35c). 
Therefore, if (35a) holds, then also equations (356) and (35c) arc fulfilled. Assuming this, consider 

I a i+i> a i+il = [[ a » r ' e i+i]9i> a i+il- Then thc identity 

[[a, bj X7 c] = (-lfma, clb} x + [a, [6, c]] x , /3 = de. 9 (6), 7 - de 3 (c) (36) 



yields 



[ar+i.aj+il = (-l) fl4 - i+1 [[or.<i].ei+i]« + K : ,N + i,«+ +1 ]] f , 



i+1 Mi 



i+1 



ei 


= «i , 


e l+ i = 


-(" 


-i^K+i^l^s 


i£ [1; n + m 


/i 


= at, 


/i+1 = 


"(- 


-i)^^-K,«+ +1 ], 


ie [1; n + m 




= H U 


>K = (- 


-1)' 




6 [2; n + to], 



0-0 

_ -fcj+1 ~ £j+l 

Thus, Eqs (35) hold for any i. From (24c) and (35) we have 

] (37a) 

I (376) 
(37c) 

which completes the proof. 

We proceed to state our main result. 

Theorem. U q [sl{n + l|m)] is an unital associative algebra, which is topologically free C[[h]] module, with 
generators {Hi, af} ie ^. n+m j and relations 

[Hi,Hj]=0, (38a) 

[H it af] = T(l + (-1)%>±, (386) 

[«T»°i"] = ( 38c ) 

[I a ?' a i+|l> fl fcl 5 €(i+(-i) e i« ifc ) = ^"h.i+^^a^, t,V = ±or ±1, (38d) 

[a{,4] q = 0, [of,of] = 0, £ = ±. (38e) 



Proof. As a first step one has to show that Eqs. (38) hold. Most of the results for this part of the proof 
are already obtained. Eq. (38a) is evident. Eq. (386) follows from the relation Ep=iEj=i( _ l) 8,>_la p9 = 
1 + (— l) 9i 5ij, the definitions of af and Hi (see (24)) and the relations (21b). From (38b) one also derives 

L i af=q* 1+ W iS «)afL i . (39) 

Eq. (38c) is the same as (35a). The derivation of all triple relations (38d) is relatively long, but simple. It is 
based on a case by case considerations. To this end one replaces ej and /j in (28) with the right hand sides 
of (37a, 6). The nontrivial part is to put all cases in the compact form (38d). If n ^ 0, \a\ , afj = [af, af\ = 0. 
The first relations in (38e) reduce to the triple Serre relations (226, e). If n = 0, Eqs. (38e) hold because 
el = and ft = 0. 

It remains to prove as a second step that any other relation in U q [sl(n + l|m)] follows from Eqs. (38). 
To this end it suffices to show that all Cartan-Kac relations (21) and the Serre relations (22) follow from 
(38). 

A) The Cartan-Kac relations (21a) follow in an evident way from (37c) and (38a). 

B) Eqs. (216) are easily derived from (37) and (38b). 

C) The proof of (21c) is not trivial. 

(i) The case i = j = 1 is evident. 

(ii) The case i = 1, j > 1: [/,-, ei ] = [-(-l^L^laJ^, o+], of] 
(using (39)) 

= -(-l) fl i-iZ j _ 1 [[o7_ 1 ,a+],or]^ (1+( _ 1) » J _i, j _ lil) = according to (38d). 

(iii) In a similar way one shows that [ej, /i] = for i > 1. 

(iv) The case i,j € [2;n + to]. From (37) 

[eufj] = (-l^-^llar^UjL^Lj^laJ^afjl 
Apply (39): 

[«,/,] = a(-^- 1 - ( - lA - 1 ^ +( - lA - l5 - 1 L I _ 1 Z,_ 1 
(iv.l) For i = j (40) reduces to 



(40) 



[ei,fi] = [[ar,a+_ 1 Uar_ 1 ,af\\. (41) 

In order to evaluate the r.h.s. of (41) use the following identity (a = deg(a), f3 = deg(b)): 
If x = zs, y = zr, t = zsr; x, y, z, r,s,t£ C[[h}], then 

[a, [6, cUy = lh, b\ z ,c\ t + z(-l) Q >, [a, c] r J s . (42) 

Applying (42) to the r.h.s. of (41) with a = [a^l 1; a^], 6 = a+ , c = a7_ 1 and x = y = 1, z = q, r = s = t = q, 
one obtains 

hi, h\ = {{{aU^il4\ q ^i-ih - 9(-l) fl 'K + , ihi ,aU\,<h-xhU 
(use (38d)) 

= [iio,ti.or-i]« - g(-i) 0i -'- i [Oi".ii-ior]5 
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(use (39)) 

= L.Kti.^-il - (-lA'-^i-iIat.ar] 
(use (38c) and (34)) 

Taking into account that 6i-\ = 0, for i £ [1; n + 1] and that 6>i_i = 1 for i e [n + 2; n + m], one ends with 

[ei,fi} = ! j^Y- (43) 

(iv.2) Let \i - j\ > 1. Then (40) reduces to 

lei,/,-] = (-l) 0i - 1 J- 1 g ( - 1), '" 1 I-i-iij-i[[or,ot_ 1 ], [o7_ 1)0 +]] 

= (-l)»«g(- 1 ) ,< - 1 L i _ 1 Z J -_ 1 [[a,ti,ar] ) [a+.aJ.J] 

(apply (42) with a = {af^arj, b = at, c = aT_ 1; x = y=l,z = q,t = s = r = q) 
= (-l) e «g(- 1 ) ,< - 1 i<-i£ J --i([[[ati,ar],at]„o7_ 1 ] 5 
-g(-l)«M-i«i+e*.'-i[o+ IK", at J, aT.J.-Jg) = from (38d). 
(iv.3) For j = i — 1 (40) reduces to 

[e i ,/ i _ 1 ] = (-l)^-^-a(- 1 ) ei - 1 L i _ 1 I i _ 2 [[at 1 , a r],[at 1 ,ar 2 ]] g( _ i)ei _ 1 

(use (42) with a = [a+^o,:], b = af_ x , c = aT_ 2 , x = 1, y = g ( " 1)e * _1 , r = t = q, z = g^" 1 )"* -1 , 
, s = <r (i+(-D^)) 

= hl) e^- 2q (-if^ L i _ 1 Z i _ 2 ([[[ a + 15 a r], a+ J^.^ , or 2 ] 9 - 
+g 1 +(- 1 ) 9i - 1 [a+ 1; [[at i.arl.or 2 ] ? ] g _ (i+( _ i)9i _ 1) ) = from (38d) 
(iv.4) Let j = i + l. Then (40) reduces to 

[ei,/i+i] = (-l)°'- 1 - < « ( - 1),i " 1+( - 1),i £i-iii[[ar,ati].[or.o^i]],-(-i)»* 
= (-l) e M + i g (-i) 9 '- 1 +(-i) 9 'L i _ 1 Za[o+ 1 ,ar] ) [o+ 1 ,ar]] g _ ( _ 1)9( 

(from (42) with a = [a-L^ar], 6 = at^, c = a^~ , x = 1, 7/ = q^^ 1 ') ' , z = q, s = q, r = t = g-^+t- 1 ) l )) 

= (-l) e M + i g (-i) 9 '- 1 +(-i) 9 'L < _ 1 Z i ([[[at 1 ,ar] ) a+ 1 ],,ar],_ (1+( _ 1) . () 
+g(-l) fl4 - 1 -«[o^. 1) [[at ^ar^arj^^^^jg) = 0, according to (38d)). 

So far we have shown that all Cartan-Kac relations (21) follow from (38). It remains to verify the Serre 
relations (22). We consider in some more details the e— Serre relations (22a — c). 

D) We pass to prove first (22a), namely that [e*, e-,-] = if \i — j\ ^ 1. 

(i) The case with i = 1 and j = [3; n + m] follows directly from (39) and (38d). 

(ii) i ^ j € [2; n + to]. From (37a) 

[ei,ej] = (-1) — i [[ a r, a + jLi-i, [aJ.ot.jL^i] 
(use (39)) 

= (-l)Mk + -i,a~i [<-i.a7]] £ *-i £ i-i 

(apply (42) with a = [a+_ 1; a^], b = a+_ 1; c = aJ,x = y=l, z = q, t = r = s = q) 

= (-l) eii ([[[4-i>«7l4-ih>ajh + Q{-^^ = °> according to 

(38d). 

(hi) If i = j ± n + 1, [ej, ej] = [e i; e»] = 

(iv) Consider e2 +1 = I{ e „ +lj e „ +1 } = I[ e „ +1 , e n+ i]. 
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(iv.l) The case with n + 1 = 1 is evident: {ei, ei} = {o^ , a 1 } = 0, sec (38e). 

(iv.2) n+1^1. Use (37a): e 2 n+l ~ {e n+1 , e n+1 } q 2 = {[a~ +1 , a+\L n , [a~ +1 ,a+jL n } q 2 

= Qll a n+l> a th K+l> a rt]]<J 2i n 

(apply (42) with a = [a~ +1 , a+], 6 = a~ +1 , c = a+, x = s = z = 1, y = r = t = q 2 ) 

= q(lll a n+i> a Zh a n+ih a Zlq 2 - l a n+i > Ifc+i > a n ] > a ™ ig4 ) L l = 0, according to (38d)). Hence the Serre 
relations (22a) follow from (38). 

E) We prove the triple Serre relation [a, [e i7 e i+ i] q ] q = [a, [ei, e i+1 ] q ]q = 0, i ^ n + 1. 

(i) Let i = l. Since n + 1 ^ 1, is an even generator. Taking this into account, one easily derives only 
from (38) and (39) that 

[ei,e 2 ]q = [a7/, [af ,a^]Li] q = [af, [a^agUgii = <H ■ Therefore, see (38e), 
[ei, [ei,e 2 ]g] g = [a^,a^] q = 0. 

(ii) i e [2;n]. From (37a) and (39) [e^ej+i], = [[a 8 ~, a ^ 1 ]L i _ 1 , [a m ,a+]£*],? 
= [k 7 > a i~-iL [af+i'^]]^-! 

(apply (42) with a = [aT", a^i], & = c = a+, x = y = 1, z = q,r = s = t = q) 
= [[[a, r . a.ti], o^gLjLi-i + g[a m , [[ a r, o^J, a+y^i^i 

(use (38d) and (39)) 

= -^[ai^D-^iaitijgiiii-i = -[a^^atJ^i-i- 
Therefore 

[ei, [ei,e i+ i]g] g = [[aT", a+_i]£*-i, [a^ l5 a+_i]^-i] 9 = g[k r > a i~-iL [a>7+n a t-i\]q L i-i 
(from (42) with a = [a t ~, a+_i], & = & m . c = a i~-i> x = 1, y = s = q, z = q, r = t = q 2 ) 
= 9([[k r . a ti], aT+ik, atiMg + g[a m , [[a~, a^J, ^tiM^f-i = °> according to (38d). 

(iii) i G [n + 2;n + m]. Again evaluate first 
[e,,ei+i]g = [K~,at J, [ a r +1 , a +]]LiLi_i 

(from (42) with a = [aT", a^J, & = a i+\, c = af , x = y = 1, z = q, r = s = t = q) 
(use (38d)) 

= ^K^i^i^ti] = [a- +1 ,a+_il^-i- 
Hence 

[ei, [ei,e i+ i]g]g = [[a t ~,a+ Jif-i, [a m , a+_il^-i]g = g[[a~,a+_i], [a^, a,til]gif_i 

(from (42) with a = [a~, a^i], b = a~ +1 , c = a^_ 1 , x = r = t=l,y = z = q, s = q and the triple relations 

(38d)) 

= 0. 

The other triple e-Serre relation [e i; [ej, ej_i]g]g = [ei, [e i7 ej_i]g]g = is proved in a similar way. 

F) In order to complete the proof it is convenient to show as an intermediate step that Eqs. (28) are 
consequence of (38). We begin with the l.h.s. of (28a). 

[ei,a~] s i _ lj -s ij = [— (— l) 9 ^ 1 [a^, atil^i-i, a^] Push to the right and expand the outer 

supcrcommutator: 
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% (44) 
-(-if^qf-^ajla^aUl)^. 

(i) The case j < i - 1. From (44) [e^aj] = -(-l) 9 *- 1 ^!^, a+_J, aJJqL^i = 0, according to (38d), i.e., 
(28a) holds for j < i - 1. 

(ii) The case j = i — 1. From (44) 

fe.ar J,,., = -(-I) 9 '" 1 (« 1+( - 1),<_1 [ar.«tiK-i -9i-ior-iK r .«til) Li-i. (45) 

(11.1) If i e [l;n + 1], then <9 4 _i = 0, = q and (45) & (38d) yield 
I e i> a i~-i]g = — 9 2 I[ar ' a til' ^ll^i-i = -gar. 

(11.2) If i e [n + 2;n + m], then = 1, = q and (45) & (38d) yield 
[e^a^J, = [[a^^^Lj^^JgLj-i = -ga7\ Hence for j = i - 1 (28a) is fulfilled. 

(iii) The case j = i. Then (44) reduces to 

[e;,ark = -(-l)"*" 1 (?K">«t iK - Qi^hi ^ti\) U-x- (46) 

(111.1) If i e [l;n + 1], then <9;_i = 0, q 4 = q^ 1 ^ and (46) & (38d) yield 
[ei,ar] 9 - ( -i)«i = -«[[ar»°ti]'°r],-(i+(-i)»«) I 'i-i = °- 

(111. 2) If i e [n + 2; n + m], then = l,q i = q and (46) & (38d) yield 
[e t ,ar] 9 = q[[ a r, a+ J, ar]L,_i = 0. 

Hence for i = j (28a) is fulfilled. 

(iv) The case j > i. Then (44) & (38d) yield 

[ei,aj] = -(-l^qllar^tilajhLi-i = 0. 
Therefore (28a) is a consequence of Eqs. (38). 

In a similar way one proves that the other relations (28) can be derived from Eqs. (38). 

Note that from Eqs. (28) one derives also Eqs. (24a, 6). 

G) We are ready now to derive the additional Serre relation (22c). 

Using (24a), write a~ +2 = [[[a~_ lf e n ]g, e n+1 ]q, e n+ i] q . From (28a) {e n+ i,a~ +2 } = 0. Therefore = 
{e n+ i,a~ +2 } = {e„+i, [[[a~_ l5 e„]g, e n+ i]g, e n+ i] 9 }. Since [e n+1 , a^-J = 0, and [e„ +2 ,a^_ 1 ] = (see (28a)) 
applying twice (29) and once (30) one obtains = {e n +i,a~ +2 } = [a~_ 1 ,y] q -, where 

V = {e«+i, [[e„, e n+ i]g, e n+2 ] q }. (47) 
Therefore [y, a^_i] q = 0. From (246), (21c) and (47) it follows that [j/,a^_ 1 ] = 0. Applying (29) we have 

= [[y,a~-l\q,at-l\ = [V, K-l,«n-l]]9 

(use (38c), (24c) and (216)) 

= (q ~ 3) _1 [2/>£n-i — L n -i] q = qyL n -\. Hence, y = 0, i.e., the additional e— Serre relation (22c) holds. 

H) In a similar way one derives the /—Serre relations (22d — /). Another way to prove them is to apply the 
star-operation on the e— Serre relations. 

This completes the proof of the Theorem. 
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4. Discussions and further outlook 



In the present paper we enlarge the list of the quantum superalgebras, which admit a description via deformed 
creation and annihilation generators [8-13], adding to it all quantum superalgebras U q [sl(n + l\m)}. The 
possibility for such a description is not unexpected. We have generalized the results for U q [sl(n+1)] [13] to the 
superalgebra case. This generalization is however, we wish to point out, neither evident nor straightforward. 
The "super" structure is richer, with more relations (e^ +1 = f^+i = 0, additional Serre relations (22c, /)) 
and, as a result, with several features which do not appear in the Lie algebra cases (the simple root systems 
are not related by transformations from the Weyl group, one and the same superalgebra admits several 
Dynkin diagrams, etc.). All these peculiarities, especially in the deformed case, which we have mainly in 
mind here and bellow, make the computations nontrivial, technically much more involved. 

In the introduction we said few words for a justification of the name creation and annihilation generators. 
Another reason for this name stems from the observation that, using the CAGs, one can construct Fock spaces 
in a much similar way as in the parastatistics quantum field theory (postulating the existence of a vacuum, 
which is annihilated by all a~ operators and introducing an order of the statistics [16]; for more details on 
parastatistics see, for instance, [32]). Then the Fock spaces are generated by the creation operators, acting 
on the vacuum. Moreover af , acting on a state with fixed number of "particles" (elementary excitation) of 
species i, increases them by one, whereas a~ diminishes them by one. The advantage of this property for 
the physical applications and interpretation is evident. Consider, for instance, a "free" Hamiltonian 

n+m n+m 

H = ^2 EiHi, such that (-l) e ' £i = 0, (48) 

i=l i=l 

which in the nondeformed case takes the usual form 

n+m 

H=Y / e i [at,ar]. (49) 
i=i 

Then 

[H,at]=±eiaf, (50) 

i.e., af (resp. a~) can be interpreted as an operator creating (resp. annihilating) a "particle" of species i 
with energy £j. Our, we call it physical conjecture is that the Fock representations of the deformed CAGs 
will lead to new solutions for the microscopic g— ons statistics in the sense of Karabali and Nair [33], which 
is a particular realization of the exclusion statistics of Haldane [27] . 

The Fock representations however may be of interest also from another, more mathematical point of 
view. So far the finite-dimensional irreducible representations of the LSs from the class A were explicitly 
constructed only for sl(n\\) [34]. Any such representation can be deformed to a representation of C/ 9 [sZ(n|l)] 
[35]. The representation theory of sl(n\m), n,m = 1,2,... and hence of the corresponding deformed algebras 
is however far from being complete, if both n ^ 1 and m ^ 1. In [36] the so-called essentially typical 
representations of sl(n\m) were described. The results were generalized also to the quantum case [37]. Our 
mathematical conjecture now is that the Fock representations are beyond the class of the deformed essentially 
typical representation [36], thus yielding new representations of U q [sl(n+ l|m)]. 
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In order to verify the above conjectures one would need to construct the Fock representations explicitly, 
i.e., to introduce a basis and to write down the transformations of the basis under the action of the generators. 
As a first step one has to determine the quantum analogue of the triple relations (17). This is a nontrivial 
problem. It actually means that one has to write down the supercommutation relations between all Cartan- 
Weyl generators, expressed via the CAGs. The latter is a necessary condition for the application of the 
Poincarc-Birghoff-Witt theorem, when computing the action of the generators on the Fock basis vectors. We 
return to this problem elsewhere. Here we mention only one, but important additional relation: from (17) 
one derives that the creation (resp. annihilation) generators g-supercommutc, 

[4,a|] 9 - =0, q' = qovq, i, j £ [l;n + m], £ = ±. (51) 

This makes evident the basis (or at least one possible basis) in a given Fock space, since any product of 
only creation generators can be always ordered. Note that similar property does not hold for para-Bose (or 
para- Fermi) creation operators. This is the reason why (even in the nondeformed case) the matrix elements 
of the paraoperators remain still unknown for an arbitrary order of the parastatistics: the Fock space basis 
cannot be represented as ordered products of only para-Bose (or para-Fermi) creation operators acting on 
the vacuum (the linear span of only such vectors is not invariant under the action of the para-operators). 

Finally let us mention that we do not have simple relations for the action of the other Hopf algebra 
operations (A,e, S) on the CAGs, although it is clear how to write them down, using Eqs. (16) and the 
circumstance that the comultiplication A and the counity e are morphisms, whereas the antipode S is an 
antimorphism. In this respect the picture is much the same as discussed in [13]. Luckily, the (A,e, S)- 
operations are not necessary for computing the transformations of the Fock modules (but they are certainly 
very important when considering tensor products of representation spaces). 
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